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Abstract
We present two conjectures concerning the diameter of a direct power of a finite group. The first
conjecture states that the diameter of Gn with respect to any generating set is at most n(|G|−rank(G));
and the second one states that there exists a generating set A, of minimum size, for Gn such that the
diameter of Gn with respect to A is at most n(|G| − rank(G)). We will establish evidence for each of
the above mentioned conjectures.
1 Introduction
There are several results concerning the calculation of the diameter of a finite group in the literature
(e.g.,[1, 2, 3]). But, it is the first time that the author is explicitly interested in the diameter of a direct
power of a finite group. In fact, the motivation comes from a semigrooup problem. More precisely, in [7]
the notion of depth parameters for a finite semigroup has been introduced and beside estimating the depth
parameters of some families of finite semigroups, the behaviour of one of the depth parameters with respect
to the direct product and wreath product have been verified . There, the diameter of a direct power of a
group play an essential role in the control of the length of elements in the group of units of a semigroup.
Let G be a finite group with a generating set A. By the diameter of G with respect to A we mean the
maximum over g ∈ G of the length of the shortest word in A representing g. Our definition here is a bit
different from the one which has been usually considered in the literature. Usually group theorists define
the diameter to be the maximum over g ∈ G of the length of a shortest word in A ∪ A−1 representing
g. Let us call this version of the diameter to be “symmetric diameter”. An asymptotic estimate of the
symmetric diameters of non-Abelian simple groups with respect to various types of generating sets can be
found in the survey [3], which also lists related work, e.g., on the diameters of permutation groups. We are
interested in the behaviour of the diameter with respect to the direct product. Specially, we focus on the
direct power of a finite group. More precisely, let G be a finite group and Gn be the n-th direct power of
G. Let A be a minimal generating set of Gn. Our objective is to find a reasonable answer to the following
question. How large can be the diameter of Gn with respect to A? A simple argument shows that the
diameter of a group with respect to any generating set is bounded above by the group order minus the
group rank (see Proposition 2.8). This bound is tight for cyclic groups. It is obvious that Gn is not cyclic
for n ≥ 2 and |G| 6= 1. Then, the following natural question arises. Is there any smaller upper bound (less
than |Gn| − rank(Gn)) for the diameter of Gn? In fact, |G|n − rank(Gn) is exponentially large in terms of
|G|. The more precise question in which we are really interested is whether the diameter of a direct power
of a finite group is polynomially bounded. These questions lead to the following conjectures. Throughout
this paper, Gn denotes the n-th direct power of the group G.
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Conjecture 1.1 (strong). Let G be a finite group. Then the diameter D(Gn) is at most n(|G|− rank(G)).
Conjecture 1.2 (weak). Let G be a finite group. Then there exists a generating set A for Gn of minimum
size such that
diam(Gn, A) ≤ n(|G| − rank(G)). (1)
Note that both conjectures hold for trivial groups. As the second conjecture is a consequence of the
first one, it may be easier to establish. Anyway, each of the proposed conjectures has advantages and
disadvantages when attempting to prove them. The difficulty in proving the weak conjecture is dealing
with generating sets of minimum size for the direct powers of finite groups. Finding such a generating set
is itself a problem. Nevertheless, there exist in the literature many results concerning the computation
of the rank of a direct power of a finite group, e.g., [13, 14, 15, 16, 11]. On the other hand, every direct
power Gn of a finite group has a generating set, called canonical generating set (Definition 4.1), which
satisfies the inequality (1). So, the weak conjecture for groups whose rank is equal to the size of the
canonical generating set is true. For instance, the canonical generating set for direct powers of nilpotent
groups is a generating set of minimum size (Corollary 4.4). Therefore, nilpotent groups satisfy the weak
conjecture easily. However, the canonical generating set is not always a generating set of minimum size.
Then the difficulty of establishing the weak conjecture appears when we consider the groups for which the
rank of their direct powers is not equal to the size of the canonical generating set. On the other hand, the
strong conjecture concerns arbitrary generating sets. It has the advantage that there are many results in
the literature concerning the computation of the diameter of a finite group with respect to an arbitrary
generating set. Hence, we may use the upper bounds obtained by other authors to approach the strong
conjecture .
This paper is organised as follows. After Preliminaries, in Section 3, we show that Abelian groups
satisfy the strong conjecture. Section 4 deals with generating sets of minimum size for direct powers of
finite groups. In Section 5, we show that the weak conjecture is true for nilpotent groups, symmetric
groups and the alternating group A4. Also we show that the weak conjecture holds for dihedral groups
under some restrictions on n. Finally, in the last section, we present some polynomial upper bounds for
the diameter of a direct power of a solvable group.
2 Preliminaries
Since the notion of diameter of a finite group has different definitions in the literature we introduce here
our definitions and notation precisely.
Let G be a finite group with a generating set A. Denote by A−1 the set {a−1 : a ∈ A}. By the symmetric
length of an element g ∈ G, with respect to A, we mean the minimum length of a sequence which represents
g in terms of elements in A ∪A−1. Denote this parameter by lsA(g).
Now, we have the following different definitions for the diameter of a finite group with respect to a
generating set.
Definition 2.1. Let G be a finite group with generating set A. By the diameter of G with respect to A we
mean
diam(G,A) := max{lA(g) : g ∈ G}.
Definition 2.2. Let G be a finite group with generating set A. By the symmetric diameter of G with
respect to A we mean
diams(G,A) := max{lsA(g) : g ∈ G}.
Notation 2.3. Denote by D(G) (respectively Ds(G)) the maximum diameter (respectively symmetric di-
ameter) over all generating sets of G.
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Remark 2.4. Let G be a finite group with a generating set A. For g ∈ G we have lsA(g) ≤ lA(g) and
Ds(G) ≤ D(G).
The terminology of diameter and symmetric diameter of a group comes from the diameter of the Cayley
graph and the directed Cayley graph of a group.
Definition 2.5. By the Cayley graph of a group G with respect to a generating set A we mean the graph
whose set of vertices is G and such that there is an edge between g1, g2 ∈ G if and only if g
−1
1 g2 ∈ A∪A
−1.
We denote this graph by Cay(G,A).
Definition 2.6. By directed Cayley graph of group G with respect to a generating set A we mean the
directed graph whose set of vertices is G and such that there is an edge from g1 to g2 if and only if
g−11 g2 ∈ A. We denote this graph by
−−→
Cay(G,A).
Definition 2.7. A directed graph is called strongly connected if it contains a directed path from u to v
and a directed path from v to u for every pair of vertices u, v.
The distance between two vertices in a connected graph is the length of the shortest path between them.
In the case of a strongly connected directed graph the distance between two vertices u and v is defined as
the length of the shortest path from u to v. Notice that, in contrast with the case of undirected graphs,
the distance between u and v dose not necessarily coincide with the distance between v and u, so it is not
a distance in the metric sense of the word. We consider the diameter of a (strongly connected directed)
graph as usual, that is, the maximum of distances between two vertices over all pairs of vertices in the
vertex set. It is easy to see that the symmetric diameter of a group with respect to a generating set is
equal to the diameter of the corresponding Cayley graph; and the diameter of a group with respect to a
generating set is equal to the diameter of the corresponding directed Cayley graph (note that the directed
Cayley graph of a group is always strongly connected).
The following proposition gives a general upper bound for the diameter of a finite group.
Proposition 2.8. Let G be a finite group. The inequality D(G) ≤ |G| − rank(G) holds.
Proof. Let X be an arbitrary generating set of G. It is enough to show that diam(G,X) ≤ |G| − rank(G).
We can suppose, without loss of generality, that 1 6∈ X. Let diam(G,X) = t. There exist g ∈ G and
x1, x2 . . . , xt ∈ X such that g = x1x2 · · · xt and t is the smallest number for which g has such a kind
of decomposition in X. Hence x1, x1x2, . . . , x1x2 · · · xt are t distinct non identity elements of G. On the
other hand, X has |X| − 1 elements distinct from x1, x1x2, . . . , x1x2 · · · xt. By adding the identity to these
distinct elements we get |G| ≥ t + |X| − 1 + 1, which gives the inequality diam(G,X) ≤ |G| − |X|. Now,
the result follows from rank(G) ≤ |X|.
3 Abelian groups and the strong conjecture
A canonical decomposition of a finite Abelian group G is an expression of G as a direct product of cyclic
subgroups whose orders m1,m2, . . . ,mk satisfy mi | mi−1 for i = 1, 2, . . . , k. Then, m1,m2, . . . ,mk are the
invariants of G. Following the notation in [8], we say G is of type (m1,m2, . . . ,mk). By using the following
theorem which has been proved in [9] it is easy to show that Abelian groups satisfy the strong conjecture.
Theorem 3.1. [9] Let G be a finite Abelian group of type (m1,m2, . . . ,mk) . We have
D(G) =
k∑
i=1
(mi − 1).
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Corollary 3.2. Let Gn be a direct power of a finite Abelian group G. The following inequality holds:
D(Gn) = nD(G) ≤ n (|G| − rank(G)).
Proof. Let G = C1 × C2 × · · · × Ck be a canonical decomposition of G. We have
Gn ∼= Cn1 × C
n
2 × · · · × C
n
k .
Using Theorem 3.1, we obtain
D(Gn) =
k∑
i=1
n (|Ci| − 1) = n
k∑
i=1
(|Ci| − 1) ≤ n (|G| − rank(G)).
4 Generating sets of minimum size
Finding a generating set of minimum size for a direct power of a group is itself a problem. Nevertheless,
there exist in the literature many results concerning the computation of the rank of a direct power of a
finite group, e.g., [13, 14, 15, 16, 17]. We use such kind of results to find generating sets of minimum size
for direct powers of some families of finite groups such as the symmetric group Sn and the dihedral group
Dn. With a different approach (see [5]) we establish generating sets of minimum size for the direct powers
A25, A
3
5, A
4
5, where A5 is the alternating group of degree five.
Definition 4.1. Let G be a finite group with a generating set A. By the canonical generating set of Gn
with respect to A, we mean the set
Cn(A) := {(1, . . . ,
i th︷︸︸︷
a , . . . , 1) : i ∈ {1, 2, . . . , n}, a ∈ A}.
Lemma 4.2. Let G be a finite group with a generating set A. For n ≥ 1 the following inequality holds:
diam(Gn, Cn(A)) ≤ n diam(G,A).
Proof. For given (g1, g2, . . . , gn) ∈ G
n we have (g1, g2, . . . , gn) =
∏n
i=1(1, . . . , gi, . . . , 1). Then, we have
lCn(A)(g1, g2, . . . , gn) ≤
n∑
i=1
lCn(A)(1, . . . , gi, . . . , 1).
By the definition of Cn(A), for i ≥ 1, we have
lCn(A)(1, . . . , gi, . . . , 1) ≤ diam(G,A)
which gives the desired conclusion.
Lemma 4.3. [13] Let G be a finite group and k be a positive integer. The following inequalities hold:
k rank(G/G′) ≤ rank(Gk) ≤ k rank(G), (2)
where G′ is the commutator subgroup of G.
The following is an application of Lemma 4.3.
Corollary 4.4. Let G be a finite group. If rank(G) = rank(G/G′), then the following equality holds:
rank(Gn) = n rank(G). (3)
In particular, nilpotent groups satisfy this property.
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Proof. The first statement is an immediate consequence of Lemma 4.3. We prove the second state-
ment. Note that, if H is a homomorphic image of a finite group G, then rank(H) ≤ rank(G). There-
fore, it is enough to show that rank(G) ≤ rank(G/G′) for every finite nilpotent group G. Let A =
{g1G
′, g2G
′, . . . , gkG
′} be a generating set of G/G′ of minimum size. Consider an arbitrary element g ∈ G.
There exist some i1, i2, . . . , il ∈ {1, 2, . . . , k} such that gG
′ = gi1gi2 . . . gilG
′. This shows that G is gen-
erated by {g1, g2, . . . , gk} together with some elements in G
′. Because G is nilpotent, it is generated by
{g1, g2, . . . , gk} alone, see [10, page 350]. Therefore, we get rank(G) ≤ rank(G/G
′), which completes the
proof.
Definition 4.5. A group is said to be perfect if it equals its own commutator subgroup.
Lemma 4.6. Let G be a finite group which is not perfect. If G can be generated by k elements of mutually
coprime orders, then
rank(Gn) = n,
for n ≥ k.
Proof. BecauseG is not perfect, it follows from Lemma 4.3 that rank(Gn) ≥ n. SupposeA = {a1, a2, . . . , ak}
is a generating set of G such that the ai’s are of mutually coprime orders. Let n ≥ k. We construct a
generating set of size n for Gn. For 1 ≤ i ≤ n, define the elements gi ∈ G
n as follows:
gi = (1, . . . ,
i th︷︸︸︷
a1 , a2, . . . , ak, . . . , 1) for 1 ≤ i ≤ n− k + 1,
gi = (an−i+2, an−i+3, . . . , ak, 1, . . . , 1,
i th︷︸︸︷
a1 , . . . , an−i+1) for n− k + 2 ≤ i ≤ n.
We prove that C = {g1, g2, . . . , gn} is a generating set of G
n. If we show that C generates Cn(A), then we
are done. Choose an arbitrary element (1, . . . , ai, . . . , 1) ∈ C
n(A). Since the ai’s are of mutually coprime
orders, there exists a positive integer ℓ such that
(1, . . . , ai, . . . , 1) = (1, . . . , a1, . . . , ai, . . . , ak, . . . , 1)
ℓ.
This yields the desired conclusion.
4.1 Symmetric groups Sn
Denote by ord(g) the order of a group element g.
Lemma 4.7. For n ≥ 3 the symmetric group Sn can be generated by two elements of coprime order.
Proof. Define the permutations a, a′ and b as follows:
a =
(
1 2 3 . . . n
2 3 4 . . . 1
)
, a′ =
(
1 2 3 . . . n
1 3 4 . . . 2
)
and
b =
(
1 2 3 . . . n
2 1 3 . . . n
)
.
It is known that the full cycle a and the transposition b generate Sn [6]. On the other hand, note that
a′b = a. Hence the sets {a, b} and {a′, b} are generating sets of Sn. Note that
ord(a) = n, ord(b) = 2, ord(a′) = n− 1.
Therefore, for odd n, the set A = {a, b} and, for even n, the set A′ = {a′, b} are the desired generating
sets.
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Corollary 4.8. For k ≥ 2, the equality
rank(Skn) = k,
holds.
Proof. Since the derived subgroup of Sn is An and Sn is not perfect, the assertion follows immediately by
Lemmas 4.6 and 4.7.
4.2 Dihedral groups Dn
Definition 4.9. The dihedral group Dn is the group of symmetries of a regular polygon with n sides.
We consider the dihedral group Dn as a subgroup of Sn.
Proposition 4.10. For odd n and k ≥ 2, the rank of Dkn is k and, for even n, the rank of D
k
n is 2k.
Proof. Suppose for the moment that n is odd. Let
a =
(
1 2 3 . . . n
2 3 4 . . . 1
)
, b =
(
1 2 3 . . . n− 1 n
1 n n− 1 . . . 3 2
)
.
It is easy to check that A = {a, b} is a generating set of Dn. Because a, b have coprime orders, Lemma 4.6
gives the desired conclusion.
Now let n be even. The commutator subgroup of Dn is a cyclic group of order
n
2 , and the quotient
group is the Klein four-group and thus
rank(
Dn
D′n
) = 2.
On the other hand, we have rank(Dn) = 2. Using Corollary 4.4, we get rank(D
k
n) = 2k.
4.3 Alternating groups An
The following example gives a generating set of minimum size for a direct power of the alternating group
A4.
Example 4.11. It is easy to see that A4 is generated by the two elements
α = (1 2)(3 4), β = (1 2 3).
Since A4 is not perfect and α, β have coprime orders by Lemma 4.6, the rank of A
n
4 is equal to n, for n ≥ 2.
Recall that the alternating groups An for n ≥ 5 are simple. Since non-Abelian simple groups are perfect,
the alternating groups An for n ≥ 5 are perfect. There is a different approach to compute the rank of the
direct power of perfect groups using the Eulerian function of a group (see [5, 13]). The following lemma is
a consequence of the results in [5].
Lemma 4.12. Let G be a non-Abelian simple group. If G is generated by n elements, then the set
{(ai1, ai2 . . . , aik) : i = 1, . . . , n} will generate G
k if and only if the following conditions are satisfied:
1. the set {a1i, a2i, . . . , ani} is a generating set of G for i = 1, . . . , k;
2. there is no automorphism f : G→ G which maps (a1i, a2i, . . . , ani) to (a1j , a2j , . . . , anj) for any i 6= j.
Furthermore, in [5] Hall shows that the alternating group A5 satisfies Lemma 4.12 with n = 2 for
1 ≤ k ≤ 19 and not for k ≥ 20.
Therefore, the following is an immediate consequence of Lemma 4.12.
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Corollary 4.13. A pair (s1, . . . , sk), (t1, . . . , tk) will generate A
k
5 if and only if the following conditions are
satisfied:
1. the set {si, ti} is a generating set of A5 for i = 1, ..., k;
2. there is no automorphism f : A5 → A5 which maps (si, ti) to (sj, tj) for any i 6= j.
Furthermore, k = 19 is the largest number for which these conditions can be satisfied. That is, the rank of
Ak5 is equal to 2 if and only if 1 ≤ k ≤ 19.
4.4 Solvable Groups
The following theorem has been proved by Wiegold in [14].
Theorem 4.14. [14] Let G be a finite non-trivial solvable group, and set rank(G) = α, rank(G/G′) = β.
The equality rank(Gn) = βn holds, for n ≥ α/β.
5 Diameter of direct powers of groups
Here, we present some families of groups which satisfy the weak conjecture.
Remark 5.1. Every group G with the property
rank(Gn) = n rank(G), (4)
satisfies the weak conjecture. More precisely, if A is a generating set of G with minimum size then Cn(A)
is a generating set of minimum size for Gn. So, the statement is obvious by Lemma 4.2.
Then it suffices to justify the weak conjecture for groups that do not have property (4). In particular,
by Corollary 4.4, every nilpotent group has property (4) .
Proposition 5.2. Let G be a solvable group such that α = rank(G) and β = rank(G/G′). Then Gn
satisfies the weak conjecture for n ≥ αβ .
Proof. By Theorem 4.14, we have rank(Gn) = nrank(G/G′). SinceG/G′ is Abelian, we have rank((G/G′)n) =
nrank(G/G′). Moreover, since Gn/(G′)n ∼= (G/G′)n and (G′)n ∼= (Gn)′ we get rank(Gn) = rank(Gn/(Gn)′).
It means that Gn satisfies the property of Corollary 4.4. Now the result follows from Remark 5.1.
Remark 5.3. Let (g1, g2, . . . , gn) ∈ G
n = 〈A〉. Since (g1, g2, . . . , gn) is a product of n elements of the form
(1, . . . , gi, . . . , 1), then we have
lA(g1, g2, . . . , gn) ≤
n∑
i=1
lA(1, . . . , gi, . . . , 1). (5)
The following easy lemma gives an upper bound for the diameter of a direct power of a finite group G in
terms of the diameter of the group G. We use this lemma in the next section to prove that the symmetric
group Sn satisfies the weak conjecture.
Lemma 5.4. For a given generating set A of Gn, we have
diam(Gn, A) ≤MlA(C
n(X))
n∑
i=1
diam(G,Aπi),
where
X =
n⋃
i=1
(Aπi \ {1}),
and πi : G
n → G maps each element to its i-th cordinate.
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Proof. Let (g1, g2, . . . , gn) ∈ G
n. Since, for i = 1, 2, . . . , n, Aπi \ {1} is a generating set of G, there exist
gi1, gi2, . . . , giki ∈ Aπi \ {1}, for some ki ≤ diam(G,Aπi),
such that
gi = gi1gi2 . . . giki .
This gives
(1, . . . , gi, . . . , 1) =
ki∏
j=1
(1, . . . , gij , . . . , 1),
hence,
lA(1, . . . , gi, . . . , 1) ≤
ki∑
j=1
lA(1, . . . , gij , . . . , 1). (6)
Substituting (6) into (5), we get
lA(g1, g2, . . . , gn) ≤
n∑
i=1
ki∑
j=1
lA(1, . . . , gij , . . . , 1)
≤
n∑
i=1
ki∑
j=1
MlA(C
n(X))
=MlA(C
n(X))
n∑
i=1
ki
≤MlA(C
n(X))
n∑
i=1
diam(G,Aπi),
in which the second inequality is due to the fact that
(1, . . . , gij , . . . , 1) ∈ C
n(X).
This finishes the proof.
5.1 Symmetric groups Sn and the weak conjecture
Here, our goal is to show that the symmetric group Sn satisfies the weak conjecture. First, we apply
Lemma 5.4 to show that Sn satisfies the weak conjecture for n ≥ 7. Then, we discuss the case n ≤ 6.
Example 5.5. Let A,A′ be the generating sets defined in Lemma 4.7 and C,C ′ be the corresponding
generating sets of Skn constructed in the proof of Lemma 4.6, for odd and even n, respectively. Note that
X =
k⋃
i=1
(Cπi \ {1}) = {a, b}, X
′ =
k⋃
i=1
(C ′πi \ {1}) = {a
′, b}.
Therefore, we have
Ck(X) = {(1, . . . , a, . . . , 1) : 1 ≤ i ≤ k} ∪ {(1, . . . , b, . . . , 1) : 1 ≤ i ≤ k}
Ck(X ′) = {(1, . . . , a′, . . . , 1) : 1 ≤ i ≤ k} ∪ {(1, . . . , b, . . . , 1) : 1 ≤ i ≤ k}.
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If n is odd, for i = 1, 2, . . . , k, we have
(1, . . . , a, . . . , 1) = (1, . . . , a, b, . . . , 1)n+1,
(1, . . . , b, . . . , 1) = (1, . . . , a, b, . . . , 1)n.
If n is even, for i = 1, 2, . . . , k, we have
(1, . . . , a′, . . . , 1) = (1, . . . , a′, b, . . . , 1)n,
(1, . . . , b, . . . , 1) = (1, . . . , a′, b, . . . , 1)n−1.
It follows that
MlC(C
k(X)) ≤ n+ 1, if n is odd, (7)
MlC′(C
k(X ′)) ≤ n, if n is even. (8)
Lemma 5.6. Let A,A′ be the generating sets defined in Lemma 4.7. Then the following inequalities hold:
diam(Sn, A) ≤ (n− 1)(2n − 3)(n + 1),
diam(Sn, A
′) ≤ (n− 1)(2n − 3)(2n + 1).
Proof. A simple calculation shows that, for 1 ≤ i ≤ n− 1,
an−i+1bai−1 = (a′b)n−i+1b(a′b)i−1 = (i, i + 1).
Therefore, we have
lA(i, i + 1) ≤ n+ 1, lA′(i, i + 1) ≤ 2n+ 1.
Let (i, i+ k) be an arbitrary transposition in Sn. Since
(i, i + k) = (i, i + 1)(i + 1, i+ 2) · · · (i+ k − 1, i+ k)(i+ k − 2, i + k − 1)
· · · (i+ 1, i+ 2)(i, i + 1),
every transposition is a product of at most 2n− 3 transpositions of the form (i, i + 1). It follows that
lA(i, i+ k) ≤ (2n− 3)(n + 1), lA′(i, i + k) ≤ (2n− 3)(2n + 1).
Consider a permutation σ in Sn. Because every permutation in Sn is a product of at most n− 1 transpo-
sitions, we have
MlA(σ) ≤ (n− 1)(2n − 3)(n + 1), MlA′(σ) = (n− 1)(2n − 3)(2n + 1).
The proof is complete.
Lemma 5.7. Let A and A′ be the generating sets defined in Lemma 4.7 and C and C ′ be the corresponding
generating sets of Skn constructed in the proof of Lemma 4.6, for odd and even n, respectively. For n ≥ 3
and k ≥ 2, we have
diam(Skn, C) ≤ k(n − 1)(2n − 3)(n + 1)
2,
provided that n is odd, and we have
diam(Skn, C
′) ≤ kn(n− 1)(2n − 3)(2n + 1),
provided that n is even.
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Proof. Using Lemmas 5.4, 5.6 and the inequalities (7),(8) in Example 5.5, we have
diam(Skn, C) ≤MlC(C
k(A))
k∑
i=1
diam(Sn, A)
≤ k MlC(C
k(A)) diam(Sn, A)
≤ k MlC(C
k(A))(n − 1)(2n − 3)(n + 1)
≤ k (n+ 1)(n − 1)(2n − 3)(n + 1),
provided that n is odd. Similar arguments apply to the case where n is even, which yields the second
inequality.
Corollary 5.8. The symmetric group Sn satisfies the weak conjecture for n ≥ 7.
Proof. We have (n−1)(2n−3)(n+1)2 ≤ 2(n2−1)2 ≤ 2n4. We induct on n ≥ 7 to show that 2n4 ≤ n!−2.
The inequality holds for n = 7. For n > 7, since 2(n + 1)4 = 2n4 + 8n3 + 12n2 + 8n + 2 ≤ 10n4, then the
induction hypothesis gives the required conclusion. Whence, for n ≥ 7, we have
(n− 1)(2n − 3)(n + 1)2 ≤ n!− 2.
Also we know that n(n− 1)(2n − 3)(2n + 1) ≤ 4(n2 − 1)2 ≤ 4n4. By induction on n ≥ 8 we show that
4n4 ≤ n!−2. The inequality holds for n = 8. For n > 8, since 4(n+1)4 = 4n4+16n3+24n2+16n+4 ≤ 20n4,
then the induction hypothesis gives the required conclusion. Whence, for n ≥ 8, we have
n(n− 1)(2n − 3)(2n + 1) ≤ n!− 2.
Now the result is immediate by Lemma 5.7.
Note that the symmetric group S2 is Abelian so satisfies the weak conjecture. We show that the weak
conjecture is true for the symmetric group Sn, for n = 4, 5, 6. Let A,A
′ be the generating sets defined in
Lemma 4.7 and C,C ′ be the corresponding generating sets constructed in the proof of Lemma 4.6. We can
calculate the diameter of Sn with respect to A,A
′ for small values of n by using a package called GRAPE
1in GAP. Here is the result:
diam(S4, A
′) = 7,
diam(S5, A) = 11,
diam(S6, A
′) = 17.
Therefore, by Lemma 5.4 and the inequalities (7), (8) we have
diam(Sk4 , C
′) ≤ 28k
diam(Sk5 , C) ≤ 66k
diam(Sk6 , C
′) ≤ 102k.
It follows that the symmetric group Sn satisfies the weak conjecture for n = 5, 6 but the above upper bound
for S4 is greater than the upper bound of the weak conjecture. We perform an alternative computation to
establish the weak conjecture for S4. By Remark 5.3, it suffices to show that for 1 ≤ i ≤ k, the elements
1You may find this package at http://www.gap-system.org/Packages/grape.html.
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(1, . . . , gi, . . . , 1) may be presented as products of at most 22 generators in the generating set C
′. Since we
have
(1, . . . , a′, b, . . . , 1)2 = (1, . . . , 1, b2, . . . , 1), (9)
(1, . . . , a′, b, . . . , 1)4 = (1, . . . , 1, b, . . . , 1), (10)
(1, . . . , a′, b, . . . , 1)3 = (1, . . . , a′, 1, . . . , 1), (11)
then
lC′(1, . . . , b
2, . . . , 1) ≤ 2, (12)
lC′(1, . . . , b, . . . , 1) ≤ 4, (13)
lC′(1, . . . , a
′, . . . , 1) ≤ 3, (14)
for 1 ≤ i ≤ n. On the other hand, the elements of S4 in the generating set {a
′, b} can be represented as
follows:
S4 ={a
′, b, a′2, a′b, ba′, b2, a′ba′, a′b2, ba′b, b2a′, (a′b)2, a′b2a′, (ba′)2,
ba′b2, b2a′b, (a′b)2a′, (a′b)2b, a′b2a′b, ba′b2a′, b2a′ba′, (a′b)2ba′,
a′b2a′ba′, ba′b2a′b, (a′b)2ba′}.
Now, it is easy to check that for every g ∈ S4 and for 1 ≤ i ≤ k the elements (1, . . . , g, . . . , 1) can be written
as a product of at most 19 generators in the generating set C ′ as we required.
5.2 Upper bound for the diameter of direct power of dihedral groups
Proposition 5.9. For n ≥ 3 and k ≥ 1, there exists a generating set C of minimum size for Dkn such that
diam(Dkn, C) ≤
{
k(2n − 2) if n is even,
n+1
2 + (k − 1)(2n − 1) if n is odd.
(15)
Proof. According to Proposition 4.10 and Remark 5.1, it is enough to consider the case where n is odd.
Let A = {a, b} be the generating set defined in Proposition 4.10 and C be the associated generating set of
Dkn constructed in the proof of Lemma 4.6. We prove that
diam(Dkn, C) ≤
n+ 1
2
+ (k − 1)(2n − 1).
Note that every rotation in Dn is a power of a and every reflection in Dn is a power of a multiplied by b.
It follows that every element in Dn can be written in the form a
rbs for some 0 ≤ r ≤ n− 1 and s ∈ {0, 1}.
Choose an arbitrary element (x1, x2, . . . , xk) ∈ D
k
n. In view of the relations a
ib = ban−i and ai = ban−ib,
we may write x1 as a word of length ≤
n+1
2 on A. Then there exist y2, y3, . . . , yk ∈ Dn such that
(x1, x2, . . . , xk) = (x1, y2, . . . , yk)(1, y
−1
2 x2, y
−1
3 x3, . . . , y
−1
k xk),
and
lC(x1, y2, . . . , yk) ≤
n+ 1
2
.
Write y−1i xi = a
ribsi with 0 ≤ ri ≤ n − 1 and si ∈ {0, 1}. By Remark 5.3, the proof is completed by
showing that for 2 ≤ i ≤ k,
MlC(1, . . . , a
ribsi , . . . , 1) ≤ 2n− 1.
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We will do this by considering the following four cases. The case where si = 0, ri is even:
(1, . . . , aribsi , . . . , 1)
= (1, . . . , ari , . . . , 1) = (1, . . . , ari , bri , . . . , 1) = (1, . . . , a, b, . . . , 1)ri .
Hence, we have
lC(1, . . . , a
ribsi , . . . , 1) ≤ ri ≤ n− 1 ≤ 2n − 1.
The case where si = 0, ri is odd. We have
(1, . . . , aribsi , . . . , 1)
= (1, . . . , ari , . . . , 1) = (1, . . . , ari+n, bri+n, . . . , 1) = (1, . . . , a, b, . . . , 1)ri+n.
Hence, we have
lC(1, . . . , a
ribsi , . . . , 1) ≤ ri + n ≤ 2n− 1.
The case where si = 1, ri is even:
(1, . . . , arib, . . . , 1)
=(1, . . . , ari , . . . , 1)(1, . . . ,
i th︷︸︸︷
b , . . . , 1)
=(1, . . . , ari , bri , . . . , 1)(1, . . . , an,
i th︷︸︸︷
bn , . . . , 1)
=(1, . . . , a, b, . . . , 1)ri(1, . . . , a,
i th︷︸︸︷
b , . . . , 1)n.
Hence, we have
lC(1, . . . , a
ribsi , . . . , 1) ≤ ri + n ≤ 2n− 1.
It remains to consider the case where si = 1, ri is odd. Note that
arib = ban−ri ,
which entails
(1, . . . , arib, . . . , 1) = (1, . . . , ban−ri , . . . , 1)
= (1, . . . ,
i th︷︸︸︷
b , . . . , 1)(1, . . . , an−ri , . . . , 1)
= (1, . . . , an,
i th︷︸︸︷
bn , . . . , 1)(1, . . . , an−ri , bn−ri , . . . , 1)
= (1, . . . , a,
i th︷︸︸︷
b , . . . , 1)n(1, . . . , a,
i+1−th︷︸︸︷
b , . . . , 1)n−ri .
Hence, we have
lC(1, . . . , a
ribsi , . . . , 1) ≤ 2n− ri ≤ 2n− 1.
The proof is complete.
Now the following corollary is immediate by Proposition 5.9.
Corollary 5.10. The weak conjecture holds for Dkn if n is even or k ≤
3(n−1)
2 .
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5.3 Alternating groups and the weak conjecture
Proposition 5.11. The alternating group A4 satisfies the weak conjecture.
Proof. As we mentioned before in Example 4.11, the generating set C constructed in Lemma 4.6 is a
generating set of minimum size for An4 for n ≥ 2. We show that diam(A
n
4 , C) ≤ 10n. Let (g1, g2, . . . , gn) ∈
An4 . By Remark 5.3, it is enough to show that lC(1, . . . , 1, gi, 1, . . . , 1) ≤ 10, for 1 ≤ i ≤ n. Because of the
following equalities
(1, . . . ,
i th︷︸︸︷
α , β, . . . , 1)3 = (1, . . . ,
i th︷︸︸︷
α , 1, . . . , 1),
(1, . . . , α,
i th︷︸︸︷
β , . . . , 1)4 = (1, . . . , 1,
i th︷︸︸︷
β , . . . , 1),
(1, . . . , α,
i th︷︸︸︷
β , . . . , 1)2 = (1, . . . , 1,
i th︷︸︸︷
β2 , . . . , 1),
we have
lC(1, . . . ,
i th︷︸︸︷
α , . . . , 1) ≤ 3,
lC(1, . . . ,
i th︷︸︸︷
β , . . . , 1) ≤ 4,
lC(1, . . . ,
i th︷︸︸︷
β2 , . . . , 1) ≤ 2.
On the other hand, the elements of A4 can be represented over the generating set {α, β} as follows:
A4 = {α, β, α
2, αβ, βα, β2, αβα, αβ2, βαβ = αβ2α, β2α, β2αβ, βαβ2}.
Now similarly to the proof of Proposition 5.9 the length of (1, . . . ,
i th︷︸︸︷
g , . . . , 1) in the generating set C is at
most 10 for every element g ∈ A4, which completes the proof.
Definition 5.12. By an n-basis of a group G we mean any ordered set of n elements x1, x2, . . . , xn of G
which generates G. Furthermore, two n-bases x1, x2, . . . , xn and y1, y2, . . . , yn of G will be called equivalent
if there exists an automorphism θ of G which transforms one into the other:
xiθ = yi,
for each i = 1, 2, . . . , n. Otherwise the two bases will be called non-equivalent.
Example 5.13. We show that the weak conjecture is true for Ak5 for k = 2, 3, 4.
Proof. Let a = (1 2)(3 4), b = (1 2 3 4 5). It is easy to see that the pairs
(a, b), (b, a), (a, b2), (b2, a)
are four non-equivalent 2-basis of A5. Using Corollary 4.13 we build generating sets of size two for A
k
5 ,
k = 2, 3, 4. The result is as follows. Let
C1 = {a, b},
C2 = {(a, a), (b, b
2)},
C3 = {(a, b, a), (b, a, b
2)},
C4 = {(a, b, a, b
2), (b, a, b2, a)}.
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Then the sets C1, C2, C3 and C4 are generating sets of minimum size for the groups A5, A
2
5, A
3
5 and
A45, respectively. Using GAP we check that diam(A5, C1) = 10 and diam(A
2
5, C2) = 18. Let (x, y, z) be
an arbitrary element in A35. Since (x, z) ∈ A
2
5 = 〈(a, a), (b, b
2)〉, there exists a word w representing (x, z)
over the generating set C2 of length at most 18. Hence, (x, y, z) = (w1, w¯, w2)(1, w¯
−1y, 1), where w1, w2
are the first and second components of w = (x, z), respectively. The word w¯ is a word in the alphabet
a, b corresponding to the word w, in which the pairs (a, a), (b, b2) are substituted by b, a, respectively. It
follows that
lC3(x, y, z) ≤ lC3(w1, w¯, w2) + lC3(1, w¯
−1y, 1).
It is clear that
lC3(w1, w¯, w2) ≤ 18.
On the other hand, we have lC3(1, w¯
−1y, 1) ≤ 60, since
diam(A5, C1) = 10, (1, b, 1) = (a, b, a)
6, (1, a, 1) = (b, a, b2)5.
Therefore, lC3(x, y, z) ≤ 18 + 60 = 78, which implies diam(A
3
5, C3) ≤ 78.
Let (x, y, z, w) ∈ A45. Consider the factorization
(x, y, z, w) = (x, 1, z, 1)(1, y, 1, w)
and the equalities
(1, b, 1, b2) = (a, b, a, b2)6, (a, 1, a, 1) = (a, b, a, b2)5,
(1, a, 1, a) = (b, a, b2, a)5, (b, 1, b2, 1) = ((b, a, b2, a)6.
This leads to the following inequalities,
lC4(x, y, z, w) ≤ lC4(x, 1, z, 1) + lC4(1, y, 1, w)
≤ diam(A25, C2)MlC4{(a, 1, a, 1), (b, 1, b
2 , 1)}
+ diam(A25, C2)MlC4{(1, a, 1, a), (1, b, 1, b
2)}
≤ 18× 6 + 18× 6 = 216,
which gives diam(A45, C4) ≤ 216.
5.4 Upper bounds for the diameter of a direct power of a solvable group
Despite our attempts to establish the strong conjecture and the weak conjecture for solvable groups, we
could not do it yet. In this section we will present two upper bounds for the diameter of Gn, where G
is a solvable group. Although these upper bounds do not coincide with the proposed upper bound in the
conjectures, they grow polynomially with respect to n. Since solvable groups have a derived series of finite
length our strategy is to find a relation between the diameter of a solvable group and the diameter of its
derived subgroup. For this we need to establish a relation between the generating sets of the group and the
generating sets of its subgroups. The following lemma, well known as Schreier Lemma, gives a generating
set for a subgroup of a group with respect to a generating set of the whole group. The generators of the
subgroup are usually called Schreier generators. Using Schreier generators we derive a relation between
the diameter of a group and the diameter of its subgroup.
Definition 5.14. Let H be a subgroup of a group G. By a right transversal for G mod H, we mean a
subset of G which intersects every right coset Hg in exactly one element.
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Remark 5.15. Let G be a finite group with a generating set X and a normal subgroup H. It is easy to see
that the set HX = {Hx : x ∈ X} is a generating set of G/H. Given an arbitrary element Hg ∈ G/H, Hg
can be written as a product of at most D(G/H) elements in HX. Hence, there exist x1, x2, . . . , xD(G/H) ∈ X
such that Hg = Hx1Hx2H . . .HxD(G/H) = Hx1x2 . . . xD(G/H). It shows that there always exists a right
transversal T for G mod H such that
MlX(T ) ≤ D(G/H), 1 ∈ T.
Lemma 5.16. [12] Let H ≤ G = 〈X〉 and let T be a right transversal for G mod H, with 1 ∈ T. Then the
set
{txt−11 | t, t1 ∈ T, x ∈ X, txt
−1
1 ∈ H}
generates H.
Using Schreier’s Lemma leads to the following observations which we are going to apply for establishing
the main result. The first one is [2, Lemma 5.1].
Lemma 5.17. If 1 6= N , N ⊳G, then the following inequalities hold:
Ds(G) ≤ 2Ds(G/N)Ds(N) +Ds(G/N) +Ds(N) ≤ 4Ds(G/N)Ds(N).
Here we prove the non symmetric version of Lemma 5.17.
Lemma 5.18. Let G be a finite group with a generating set X and a normal subgroup H. Let T be a right
transversal of G/H such that
MlX(T ) ≤ D(G/H), 1 ∈ T.
The following inequality holds:
diam(G,X) ≤ D(G/H) + (D(G/H) + 1 +MlX({t
−1 | t ∈ T}))D(H).
Furthermore, we have
D(Gn) ≤ D(Gn/Hn) + (1 + |G|D(Gn/Hn))D(Hn).
Proof. Given g ∈ G, we have g = ht for some h ∈ H and t ∈ T . Hence, we have
lX(g) ≤ lX(t) + lX(h).
Since MlX(T ) ≤ D(G/H), then lX(g) ≤ D(G/H)+ lX(h). Using Lemma 5.16 we get lX(h) ≤ (D(G/H)+
1 +MlX({t
−1 | t ∈ T}))D(H). Combining these two facts gives the upper bound in the first inequality.
Now, we prove the second statement. Let X ′ be a generating set of Gn and let T ′ be a right transversal of
Gn/Hn such that
MlX′(T
′) ≤ D(Gn/Hn).
Proceeding as above for the case n = 1, it suffices to show that
MlX′({t
−1 | t ∈ T ′}) ≤ (|G| − 1)D(Gn/Hn).
For given t ∈ T ′ we have
lX′(t) ≤ D(G
n/Hn).
Since
t−1 = to(t)−1,
then we obtain
lX′(t
−1) ≤ (o(t)− 1)lX′(t).
Hence, we have
lX′(t
−1) ≤ (|G| − 1)D(Gn/Hn),
since the order of any element g ∈ Gn is at most |G|. The proof is complete.
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Now we are ready to present two upper bounds for the diameter of a direct power of a solvable group.
First, we need to prove the following elementary observation.
The following corollary is straightforward by using Lemma 5.18.
Corollary 5.19. Let G be a non Abelian solvable group. Let
{1} = G(l) ⊳ G(l−1) ⊳ . . . ⊳ G′′ ⊳ G′ ⊳ G
be the derived series of G. The following inequality holds:
D(Gn) ≤ nl|G|
l−2∏
i=0
(|G(i)|+ 1).
Proof. For n = 1 it is obvious. Let n ≥ 2. Since (Gk)′ = (G′)k for k ≥ 1, then the derived series of Gn is
{1} = (G(l))n ⊳ (G(l−1))n ⊳ . . . ⊳ (G′′)n ⊳ (G′)n ⊳ Gn. (16)
Applying Lemma 5.18 to the group Gn with the subgroup (G′)n gives
D(Gn) ≤ D(Gn/(G′)n) + (1 + |G|D(Gn/(G′)n)D((G′)n)
= D(Gn/(G′)n) +D((G′)n) + |G|D(Gn/(G′)n)D((G′)n)
≤ D(Gn/(G′)n)D((G′)n) + |G|D(Gn/(G′)n)D((G′)n)
= D(Gn/(G′)n)D((G′)n)(1 + |G|),
the second inequality follows from the fact that D(Gn/(G′)n),D((G′)n) > 1 and this is because the quotient
group G/G′ and the commutator subgroup G′ are nontrivial and n ≥ 2. By repeating the process for the
other subgroups in the series (16) we have
D(Gn) ≤ D(Gn/(G′)n)D((G′)n/(G′′)n) . . . D((G(l−1))n)
l−2∏
i=0
(|G(i)|+ 1). (17)
Since for every group G with a normal subgroup H we have Gn/Hn ∼= (G/H)n, then
D(Gn) ≤ D((G/G′)n)D((G′/G′′)n) . . . D((G(l−1))n)
l−2∏
i=0
(|G(i)|+ 1). (18)
Since all the quotient groups in the inequality (18) and the group G(l−1) are Abelian by Corollary 3.2 we
get
D(Gn) ≤ nlD(G/G′)D(G′/G′′) · · ·
D(G(l−2)/G(l−1))D((G(l−1))
l−2∏
i=0
(|G(i)|+ 1)
≤ nl|G/G′||G′/G′′| · · · |G(l−2)/G(l−1)||G(l−1)|
l−2∏
i=0
(|G(i)|+ 1)
= nl|G|
l−2∏
i=0
(|G(i)|+ 1).
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For finding the second upper bound we start by presenting an upper bound for the symmetric diameter
of a direct power of a solvable group and then we apply this to find an upper bound for the diameter of
such a group.
Proposition 5.20. If G is a solvable group then
Ds(Gn) ≤ 4l−1nl |G|,
where l is the length of the derived series of G.
Proof. Let
{1} = G(l) ⊳ G(l−1) ⊳ · · · ⊳ G′′ ⊳ G′ ⊳ G
be the derived series of the group G. Since for 1 ≤ i ≤ l we have
(G(i))n = (Gn)(i),
the series
{1} = (G(l))n ⊳ (G(l−1))n ⊳ · · · ⊳ (G′′)n ⊳ (G′)n ⊳ Gn
is the derived series of the group Gn. Using the second inequality in Lemma 5.17, the maximum of the
diameter of the group Gn is bounded above by
4l−1Ds(Gn/(G′)n)Ds((G′)n/(G′′)n) · · ·Ds((G(l−2))n/(G(l−1))n)Ds((G(l−1))n). (19)
Whereas, for 0 ≤ i ≤ l − 2 we have
(G(i))n/(G(i+1))n ∼= (G(i)/G(i+1))n
and the factors in a derived series are Abelian, by Corollary 3.2 we get
Ds(G(i))n/(G(i+1))n ≤ n |G(i)/G(i+1)| = n |G(i)|/|G(i+1)| (20)
for 0 ≤ i ≤ l − 2 and
Ds((G(l−1))n) ≤ n |G(l−1)|. (21)
Substituting the inequalities (20) and (21) in (19), we get
Ds(Gn) ≤ 4l−1nl |G|,
which is the desired conclusion.
We apply the following Lemma to give an upper bound for the diameter by using the symmetric
diameter.
Lemma 5.21. Let G be a finite group and X be a set of generators. The diameter and the symmetric
diameter are related as follows:
diam(G,X) ≤ 2(diams(G,X) + 1)(|X| + 1) ln |G|.
Proof. See [1, Corollary 2.2].
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Corollary 5.22. Let G be a solvable group of derived length l and let A be a generating set of Gn of
minimum size. Set rank(G) = α, rank(G/G′) = β. The following inequality holds,
diam(Gn, A) ≤ 2(4l−1nl |G|+ 1)(nβ + 1)n ln |G|,
for n ≥ α/β. In particular, if G is a p-group, then
D(Gn) ≤ 2(4l−1nl |G|+ 1)(nβ + 1)n ln |G|,
for n ≥ 1.
Proof. By Lemma 5.21 we have,
diam(Gn, A) ≤ 2(diams(Gn, A) + 1)(|A| + 1)n ln |G|.
In addition, diams(Gn, A) ≤ Ds(Gn) by definition. Now by using Proposition 5.20 and Theorem 4.14 we
get the desired conclusion. The second statement follows from these two facts: First, if G is a p-group then
every minimal generating set is a generating set of minimum size, which follows from the Burnside’s Basis
Theorem [4]. Second, by Corollary 4.4, if G is a nilpotent group (note that every p-group is nilpotent)
then rank(G) = rank(G/G′).
As an example of a non Abelian solvable group which is also a 2-group we verify the quaternion group
Q8. Let Q8 = {±1,±i,±j,±k} be the quaternion group in which
i2 = j2 = k2 = −1
and
ij = k, jk = i, ki = j, ji = −k, kj = −i, ik = −j.
We have Q′8
∼= Z2 and Q8/Q
′
8
∼= Z2 × Z2. The length of the derived series of Q8 is 2. Hence, l = 2 and
β = rank(Z2 × Z2) = 2 in the notations of corollaries 5.19,5.22. Therefore we have
D(Qn8 ) ≤ 72n
2
by Corollary 5.19 and
D(Qn8 ) ≤ 2n(32n
2 + 1)(2n + 1)ln(8)
by Corollary 5.22.
We now present another upper bound for the diameter of the direct power of the quaternion group Q8
in the following example.
Example 5.23. For n ≥ 1 we have D(Qn8 ) ≤ 8n
2 + 3n.
Proof. Consider the normal subgroup H = {1,−1}. Let X be a generating set of Qn8 . We have H
n ⊳ Qn8 .
Let T be a right transversal of Qn8 mod H
n such that
1 ∈ T,MlX(T \ {1}) ≤ D(Q
n
8/H
n).
Using Lemma 5.18 we have
diam(Qn8 ,X) ≤ D(Q
n
8/H
n) + (D(Qn8/H
n) + 1 +MlX({t
−1 | t ∈ T}))D(Hn).
On the other hand, since H ∼= Z2 , Q8/H ∼= Z2 × Z2, we have
diam(Qn8 ,X) ≤ 2n+ (2n + 1 +MlX({t
−1 | t ∈ T})n. (22)
Since for every g ∈ Qn8 , g
4 = 1, for every t ∈ T, t−1 = t3. Hence, the following inequality holds:
lX(t
−1) ≤ 3lX(t) ≤ 3D(Q
n
8/H
n) ≤ 6n.
Substituting MlX({t
−1|t ∈ T} by 6n in (22) we get
D(Qn8 ) ≤ 8n
2 + 3n.
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6 Conclusion
Despite our attempts to prove or disprove the conjectures, they remain open problems and at this point
of the work it is very difficult to say something about the validation of them. To prove or disprove the
weak conjecture for dihedral groups, alternating groups and solvable groups is still open. Nevertheless,
improve the upper bounds in Corollaries 5.19 and 5.22 could be one step towards proving the weak or
strong conjecture for solvable groups.
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DIAMETER OF A DIRECT POWER OF A FINITE GROUP
KARIMI, N.
Abstract. We present two conjectures concerning the diameter of a direct power of a finite
group. The first conjecture states that the diameter of Gn with respect to any generating set
is at most n(|G| − rank(G)); and the second one states that there exists a generating set A, of
minimum size, for Gn such that the diameter of Gn with respect to A is at most n(|G|−rank(G)).
We will establish evidence for each of the above mentioned conjectures.
1. Introduction
Let G be a finite group with a generating set A. By the diameter of G with respect to A we
mean the maximum over g ∈ G of the length of the shortest word in A expressing g. Our definition
here is a bit different from the one which has been usually considered in the literature. Usually
group theorists define the diameter to be the maximum over g ∈ G of the length of a shortest
word in A∪A−1 expressing g. Let us call this version of the diameter to be “symmetric diameter”.
There are several results in the literature concerning the estimation of the symmetric diameter
of a finite group. For instance, asymptotic estimates of the symmetric diameters of non-Abelian
simple groups with respect to various types of generating sets can be found in the survey [5], which
also lists related work, e.g. on the diameters of permutation groups. Furthermore, the area has
progressed a lot over the last few years (see for instance [6, 7, 8, 1, 2, 4, 3]).
It is the first time that the author is implicitly interested in the diameter of a direct power of a
finite group. In fact, the motivation comes from a semigroup problem. More precisely, in [11] the
notion of depth parameters for a finite semigroup has been introduced and beside estimating the
depth parameters of some families of finite semigroups, the behaviour of one of that parameters
with respect to the direct product and wreath product have been verified . There, the diameter of
a direct power of a finite group (i.e. the group of units of a semigroup) plays an essential role in
the control of the length of a semigroup element.
Throughout this paper, Gn denotes the n-th direct power of G, and rank(G) denotes the cardi-
nality of any of the smallest generating sets of G. Let A be a generating set of minimum size of Gn
(i.e. rank(Gn) = |A|). Our objective is to find a reasonable answer to the following question. How
large can be the diameter of Gn with respect to A? A simple argument shows that the diameter of
a group with respect to any generating set is bounded above by the group order minus the group
rank (see Proposition 2.5). This bound is tight for cyclic groups. It is obvious that Gn is not cyclic
for n ≥ 2 and |G| 6= 1. Then, the following natural question arises. Is there any smaller upper
bound (less than |Gn|−rank(Gn)) for the diameter of Gn? In fact, |G|n−rank(Gn) is exponentially
large in terms of |G|. The more precise question in which we are really interested is whether the
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diameter of a direct power of a finite group is polynomially bounded. These questions lead to the
following conjectures.
Conjecture (strong). Let G be a finite group. The diameter D(Gn) is at most n(|G| − rank(G)).
Conjecture (weak). Let G be a finite group. There exists a generating set A for Gn of minimum
size such that
(1) diam(Gn, A) ≤ n(|G| − rank(G)).
Note that both conjectures hold for trivial groups. As the second conjecture is a consequence of
the first one, it may be easier to establish. Anyway, each of the proposed conjectures has advantages
and disadvantages when attempting to prove them. The difficulty in proving the weak conjecture is
dealing with generating sets of minimum size for the direct powers of finite groups. Finding such a
generating set is itself a problem. Nevertheless, there exist in the literature many results concerning
the computation of the rank of a direct power of a finite group, e.g., [14, 16, 17, 18, 19]. On the other
hand, every direct power Gn of a finite group has a generating set, called canonical generating set
(Definition 2.6), which satisfies the inequality (1). So, the weak conjecture for groups whose rank is
equal to the size of the canonical generating set is true. For instance, the canonical generating set
for direct powers of nilpotent groups is a generating set of minimum size (Corollary 3.4). Therefore,
nilpotent groups satisfy the weak conjecture easily. However, the canonical generating set is not
always a generating set of minimum size. Then the difficulty of establishing the weak conjecture
appears when we consider the groups for which the rank of their direct powers is not equal to the
size of the canonical generating set. On the other hand, the strong conjecture concerns arbitrary
generating sets. It has the advantage that there are many results in the literature concerning the
computation of the diameter of a finite group with respect to an arbitrary generating set. Hence,
we may use the upper bounds obtained by other authors to approach the strong conjecture .
This paper is organised as follows. After Preliminaries, in section 3 we present evidence for the
conjectures. In 3.1, we prove that Abelian groups satisfy the strong conjecture. In 3.2, we show
that the weak conjecture is true for nilpotent groups, dihedral groups, symmetric groups and finally
for some powers of imperfect groups.
2. Preliminaries
Throughout the paper all groups are considered to be finite . The subset A ⊆ G is a generating
set of G, if every element of G can be expressed as a sequence of elements in A.a By the rank of
G, denoted by rank(G), we mean the cardinality of any of the smallest generating sets of G. By
the length of a non identity element g ∈ G, with respect to A, we mean the minimum length of a
sequence expressing g in terms of elements in A . Denote this parameter by lA(g).
Convention 2.1. We consider the length of identity to be zero, i.e. lA(1) = 0 for every generating
set A.
Definition 2.2. Let G be a finite group with generating set A. By the diameter of G with respect
to A we mean
diam(G,A) := max{lA(g) : g ∈ G}.
Notation 2.3. Let G be a finite group with a generating set A. Let S be a subset of G. Denote by
MlA(S) the maximum of lA(s) over all s in S . Note that MlA(G) = diam(G,A).
aUsually A ⊆ G is considered to be a generating set, if every element of G can be expressed as a sequence of
elements in A ∪ A−1. When G is finite the definitions coincide.
DIAMETER OF A DIRECT POWER OF A FINITE GROUP 3
Notation 2.4. Denote by D(G) the maximum diameter over all generating sets of G.
The following proposition gives a general upper bound for the diameter of a finite group.
Proposition 2.5. Let G be a finite group. The inequality D(G) ≤ |G| − rank(G) holds.
Proof. Let X be an arbitrary generating set of G. It is enough to show that diam(G,X) ≤ |G| −
rank(G). We can suppose, without loss of generality, that 1 6∈ X . Let diam(G,X) = t. There exist
g ∈ G and x1, x2 . . . , xt ∈ X such that g = x1x2 · · ·xt and t is the smallest number for which g
has such a kind of decomposition in X . Hence x1, x1x2, . . . , x1x2 · · ·xt are t distinct non identity
elements of G. On the other hand, X has |X | − 1 elements distinct from x1, x1x2, . . . , x1x2 · · ·xt.
By adding the identity to these distinct elements we get |G| ≥ t + |X | − 1 + 1, which gives the
inequality diam(G,X) ≤ |G| − |X |. Now, the result follows from rank(G) ≤ |X |. 
The next definition introduce a generating set (let us call it canonical) for any direct power Gn
with respect to a fix generating set of G.
Definition 2.6. Let G be a finite group with a generating set A. By the canonical generating set
of Gn with respect to A, we mean the set
Cn(A) := {(1, . . . ,
i th︷︸︸︷
a , . . . , 1) : i ∈ {1, 2, . . . , n}, a ∈ A}.
We explain the following easy fact as a remark because we are going to use it frequently.
Remark 2.7. Let (g1, g2, . . . , gn) ∈ G
n = 〈A〉. Since (g1, g2, . . . , gn) is a product of n elements of
the form (1, . . . , gi, . . . , 1), then we have
(2) lA(g1, g2, . . . , gn) ≤
n∑
i=1
lA(1, . . . , gi, . . . , 1).
Lemma 2.8. Let G be a finite group with a generating set A. For n ≥ 1 the following inequality
holds:
diam(Gn, Cn(A)) ≤ n diam(G,A).
Proof. Use Remark 2.7. Then Definition 2.6 gives the desired conclusion. 
The following easy lemma gives an upper bound for the diameter of a direct power of a finite
group G in terms of the diameter of the group G.
Lemma 2.9. For a given generating set A of Gn, we have
diam(Gn, A) ≤MlA(C
n(X))
n∑
i=1
diam(G,Aπi),
where πi : G
n → G maps each element to its i-th coordinate and X =
⋃n
i=1(Aπi \ {1}).
Proof. Let (g1, g2, . . . , gn) ∈ G
n. For i = 1, 2, . . . , n the set Aπi \{1} is a generating set of G. Hence
each gi is generated by a sequence of length at most diam(G,Aπi) in Aπi\{1}. Let gi = gi1gi2 . . . giki
for some gi1gi2, . . . , giki ∈ Aπi \ {1} and ki ≤ diam(G,Aπi). This follows that
(3) lA(1, . . . , gi, . . . , 1) ≤
ki∑
j=1
lA(1, . . . , gij, . . . , 1).
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Substituting (3) into (2), we get
lA(g1, g2, . . . , gn) ≤
n∑
i=1
ki∑
j=1
lA(1, . . . , gij , . . . , 1)
≤
n∑
i=1
ki∑
j=1
MlA(C
n(X))
= MlA(C
n(X))
n∑
i=1
ki
≤MlA(C
n(X))
n∑
i=1
diam(G,Aπi),
in which the second inequality is due to the fact that (1, . . . , gij , . . . , 1) ∈ C
n(X). 
3. Evidence for the strong and the weak conjectures
3.1. Strong conjecture. We easily establish strong conjecture for Abelian groups by using The-
orem 3.1 which have been proved in [12] .
Theorem 3.1. [12] Let G be a finite Abelian group which is a direct product of cyclic subgroups
whose orders m1,m2, . . . ,mk satisfy mi | mi−1 for i = 1, 2, . . . , k. Then we have
D(G) =
k∑
i=1
(mi − 1).
Corollary 3.2. The strong conjecture holds for Abelian groups.
Proof. Let G be a finite Abelian group which is a direct product of cyclic subgroups C1, C2, . . . , Ck
whose orders m1,m2, . . . ,mk satisfy mi | mi−1 for i = 1, 2, . . . , k. Then we have G
n ∼= Cn1 × C
n
2 ×
· · · × Cnk . Using Theorem 3.1, we obtain
D(Gn) =
k∑
i=1
n (|Ci| − 1) = n
k∑
i=1
(|Ci| − 1) ≤ n (|G| − rank(G)). 
3.2. Weak conjecture. For proving the weak conjecture, the first thing which we need is to
find a generating set of minimum size for Gn. Regarding to Lemma 2.8 and Proposition 2.5 ,
if the canonical generating set of Gn is a generating set of minimum size, then G satisfies the
weak conjecture easily. But in general the canonical generating set is not always a generating set of
minimum size. In what follows we determine a family of finite groups whose the canonical generating
set, with respect to a generating set of minimum size of G, is a generating set of minimum size of
Gn. Then we show that nilpotent groups are contained in this family and so they satisfy the weak
conjecture.
Lemma 3.3. [16] Let G be a finite group and k be a positive integer. The following inequalities
hold:
(4) k rank(G/G′) ≤ rank(Gk) ≤ k rank(G),
where G′ is the commutator subgroup of G.
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Lemma 3.4. Let G be a finite group. For n ≥ 1, if rank(G) = rank(G/G′), then rank(Gn) =
n rank(G). Furthermore, if A is a generating set of minimum size of G, then Cn(A) is a generating
set of minimum size of Gn.
Proof. The first statement is an immediate consequence of Lemma 3.3. The second one is obtained
from the fact that the size of canonical generating set Cn(A) is equal to n |A| . 
Lemma 3.5. Every group G with the property rank(Gn) = n rank(G), satisfies the weak conjecture.
Proof. Let A be a generating set of minimum size of G. By Lemma 3.4, Cn(A) is a generating set of
minimum size of Gn. On the other hand, by Lemma 2.8, we have dim(Gn, Cn(A)) ≤ n dim(G,A).
We now apply Proposition 2.5 which completes the proof. 
3.2.1. Nilpotent groups.
Lemma 3.6. If G is nilpotent, then rank(G) = rank(G/G′).
Proof. Note that, if H is a homomorphic image of a finite group G, then rank(H) ≤ rank(G).
Therefore, it is enough to show that rank(G) ≤ rank(G/G′) for every finite nilpotent group G. Let
A = {g1G
′, g2G
′, . . . , gkG
′} be a generating set of G/G′ of minimum size. Consider an arbitrary
element g ∈ G. There exist some i1, i2, . . . , il ∈ {1, 2, . . . , k} such that gG
′ = gi1gi2 . . . gilG
′.
This shows that G is generated by {g1, g2, . . . , gk} together with some elements in G
′. Because
G is nilpotent, it is generated by {g1, g2, . . . , gk} alone, see [13, page 350]. Therefore, we get
rank(G) ≤ rank(G/G′), which completes the proof. 
Corollary 3.7. The weak conjecture holds for nilpotent groups.
Proof. Let G be a nilpotent group. Now apply Lemmas 3.6, 3.4 and 3.5, respectively. 
Finding a generating set of minimum size for a direct power of a group whose rank(Gn) 6=
n rank(G) is itself a problem. Nevertheless, there exist several results concerning the computation
of the rank of a direct power of a finite group, e.g., [14, 16, 17, 18, 19]. We use such kind of results
to find generating sets of minimum size for direct powers of symmetric group Sn and dihedral group
Dn.
Definition 3.8. A group is said to be perfect if it equals its own commutator subgroup; otherwise
it is called imperfect.
Lemma 3.9. Let G be a finite imperfect group. If G is generated by k elements of mutually coprime
orders, then rank(Gn) = n, for n ≥ k.
Proof. Because G is not perfect, it follows from Lemma 3.3 that rank(Gn) ≥ n. Suppose A =
{a1, a2, . . . , ak} is a generating set of G such that the ai’s are of mutually coprime orders. Let
n ≥ k. We construct a generating set of size n for Gn. For 1 ≤ i ≤ n, define the elements gi ∈ G
n
as follows:
gi = (1, . . . ,
i th︷︸︸︷
a1 , a2, . . . , ak, . . . , 1) for 1 ≤ i ≤ n− k + 1,
gi = (an−i+2, an−i+3, . . . , ak, 1, . . . , 1,
i th︷︸︸︷
a1 , . . . , an−i+1) for n− k + 2 ≤ i ≤ n.
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We prove that C = {g1, g2, . . . , gn} is a generating set of G
n. If we show that C generates Cn(A),
then we are done. Choose an arbitrary element (1, . . . , ai, . . . , 1) ∈ C
n(A). Since the ai’s are of
mutually coprime orders, there exists a positive integer ℓ such that
(1, . . . , ai, . . . , 1) = (1, . . . , a1, . . . , ai, . . . , ak, . . . , 1)
ℓ.
This yields the desired conclusion. 
3.2.2. Dihedral groups Dn.
Definition 3.10. The dihedral group Dn is the group of symmetries of a regular polygon with n
sides.
We consider the dihedral group Dn as a subgroup of Sn.
Proposition 3.11. Let k ≥ 2. For odd n, the rank of Dkn is k; and for even n, the rank of D
k
n is
2k.
Proof. Suppose for the moment that n is odd. Let
a =
(
1 2 3 . . . n
2 3 4 . . . 1
)
, b =
(
1 2 3 . . . n− 1 n
1 n n− 1 . . . 3 2
)
.
It is easy to check that A = {a, b} is a generating set of Dn. Because a, b have coprime orders,
Lemma 3.9 gives the desired conclusion.
Now let n be even. The commutator subgroup of Dn is a cyclic group of order
n
2 , and the
quotient group is the Klein four-group and thus
rank
(
Dn
D′n
)
= 2.
On the other hand, we have rank(Dn) = 2. Using Lemma 3.4, we get rank(D
k
n) = 2k. 
Theorem 3.12. The dihedral group Dn satisfies the weak conjecture for n ≥ 2.
Proof. According to Proposition 3.11 and Lemma 3.5, it is enough to consider the case where n
is odd. Let A = {a, b} be the generating set defined in Proposition 3.11 and C = {g1, g2, . . . , gk}
be the associated generating set of Dkn constructed in the proof of Lemma 3.9. We prove that
diam(Dkn, C) ≤ k (2n− 2).
We first consider k = 2. Since ab = ba−1 and ba = a−1b, it is easy to check that for s, t ≥ 1,
(5) gs1g
t
2 = g
(−1)st
2 g
(−1)ts
1 .
Let x ∈ D2n. It is shown that lC(x) ≤ 2(2n− 2). Using (5) and o(g1) = o(g2) = 2n, we may assume
x = gi1g
j
2 for some 0 ≤ i, j ≤ 2n− 1. If i, j ≤ 2n− 2, then we are done. We argue the case that at
least one of the powers is 2n− 1. Without loss of generality, let i = 2n− 1 and j > 2n− 3. Using
(5), we get either x = g2n−j2 g1 or x = g
2n−j
2 g
2n−1
1 if j is odd or even, respectively; and in the both
cases the inequality lC(x) ≤ 2(2n− 2) holds.
Now we consider k ≥ 3. In what follows the subindex i is considered to be i modulo k. An easy
computation shows that for s, t ≥ 1,
gsi g
t
i+1 = g
(−1)st
i+1 g
s
i and g
t
i+1g
s
i = g
s
i g
(−1)st
i+1 for i ≥ 1,(6)
gsi g
t
j = g
t
jg
s
i for j 6∈ {i− 1, i+ 1}.(7)
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Let x ∈ Dkn. We show that lC(x) ≤ k(2n− 2). Using (6), (7) and since o(gi) = 2n, we may assume
x = gi11 g
i2
2 g
i3
3 . . . g
ik
k for some 0 ≤ ij ≤ 2n − 1. If ij ≤ 2n − 2 for every j ≥ 1, then we are done.
We argue the case that at least one ij is 2n− 1. Repeated applications of (6) and (7) lead to the
following equations
g2n−1j g
2n−1
j+1 . . . g
2n−1
j+t = gj+t gj+t−1 . . . gj+1g
2n−1
j ,(8)
g2n−1j g
ij+1
j+1 = g
2n−ij+1
j+1 g
2n−1
j ,(9)
for j, t ≥ 1. Note that the length of the sequence in the right side of (8) is t+2n−1 ≤ (t+1)(2n−2).
Furthermore, at least one side of (9) has length at most 2(2n− 2). Now consider the following two
cases. First suppose that ik 6= 2n − 1 or ik = 2n − 1, ik−1 = 2n − 1. In this case, the sequence
gi11 g
i2
2 g
i3
3 . . . g
ik
k is a concatenation of subsequences of the following forms: A sequence such as the
left side of (8), a sequence such as the left side of (9) with ij+1 ≤ 2n−2 and a sequence in which all
the powers are less than or equal to 2n− 2. Hence by starting from x = gi11 g
i2
2 g
i3
3 . . . g
ik
k and using
equations (8),(9) one can always find a sequence of length at most k(2n−2) which presents x. Now
suppose that ik = 2n− 1, ik−1 6= 2n− 1. If i1 is even, let x = g
i2
2 g
i3
3 . . . g
2n−1
k g
2n−i1
1 ; otherwise let
x = g2n−i22 g
i3
3 . . . g
2n−1
k g
2n−i1
1 . It is easily seen that the new presentations of x are sequences with
the property of the previous case. This completes the proof of the theorem. 
3.2.3. Symmetric groups Sn. Here, our goal is to show that the symmetric group Sn satisfies the
weak conjecture for n ≥ 2. First, we need to find a generating set of minimum size for Skn. Denote
by ord(g) the order of a group element g.
Lemma 3.13. For n ≥ 3, the symmetric group Sn is generated by two elements of coprime order.
Proof. Define the permutations a, a′ and b as follows:
a =
(
1 2 3 . . . n
2 3 4 . . . 1
)
, a′ =
(
1 2 3 . . . n
1 3 4 . . . 2
)
and
b =
(
1 2 3 . . . n
2 1 3 . . . n
)
.
It is known that the full cycle a and the transposition b generate Sn [9]. On the other hand, note
that a′b = a. Hence the sets {a, b} and {a′, b} are generating sets of Sn. Note that
ord(a) = n, ord(b) = 2, ord(a′) = n− 1.
Therefore, for odd n, the set A = {a, b} and, for even n, the set A′ = {a′, b} are the desired
generating sets. 
Corollary 3.14. For k ≥ 2, the equality rank(Skn) = k holds.
Proof. Since the derived subgroup of Sn is An and Sn is not perfect, the assertion follows immedi-
ately by Lemmas 3.9 and 3.13. 
From now on, let A and A′ be the generating sets defined in Lemma 3.13 and C and C′ be the
corresponding generating sets of Skn constructed in the proof of Lemma 3.9, for odd and even n,
respectively. By Corollary 3.14, C and C′ are generating sets of minimum size of Skn for odd and
even n, respectively.
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Lemma 3.15.
diam(Sn, A) ≤ (n− 1)(2n− 3)(n+ 1), diam(Sn, A
′) ≤ (n− 1)(2n− 3)(2n+ 1).
Proof. A simple calculation shows that, for 1 ≤ i ≤ n− 1,
an−i+1bai−1 = (a′b)n−i+1b(a′b)i−1 = (i, i+ 1).
Therefore, we have
lA(i, i+ 1) ≤ n+ 1, lA′(i, i+ 1) ≤ 2n+ 1.
Let (i, i+ k) be an arbitrary transposition in Sn. Since
(i, i+ k) = (i, i+ 1)(i+ 1, i+ 2) · · · (i+ k − 1, i+ k)(i + k − 2, i+ k − 1)
· · · (i+ 1, i+ 2)(i, i+ 1),
every transposition is a product of at most 2n− 3 transpositions of the form (i, i + 1). It follows
that
lA(i, i+ k) ≤ (2n− 3)(n+ 1), lA′(i, i+ k) ≤ (2n− 3)(2n+ 1).
Consider a permutation σ in Sn. Because every permutation in Sn is a product of at most n − 1
transpositions, we have
lA(σ) ≤ (n− 1)(2n− 3)(n+ 1), lA′(σ) = (n− 1)(2n− 3)(2n+ 1).
The proof is complete. 
Now we are ready to prove the main theorem.
Theorem 3.16. The symmetric group Sn satisfies the weak conjecture for n ≥ 2.
Proof. The symmetric group S2 is Abelian so satisfies the strong conjecture and consequently the
weak conjecture. The symmetric group S3 may be considered as the dihedral group D3 which
satisfies the weak conjecture by Theorem 3.12. Using GAP [15] says that diam(S4, A
′) = 7 and the
elements of S4 in the generating set {a
′, b} are expressed as follows:
S4 ={a
′, b, a′2, a′b, ba′, b2, a′ba′, a′b2, ba′b, b2a′, (a′b)2, a′b2a′, (ba′)2, ba′b2, b2a′b, (a′b)2a′, (a′b)2b, a′b2a′b,
ba′b2a′, b2a′ba′, (a′b)2ba′, a′b2a′ba′, ba′b2a′b, (a′b)2ba′}.
Since we have
(1, . . . , a′, b, . . . , 1)2 = (1, . . . , 1, b2, . . . , 1),(10)
(1, . . . , a′, b, . . . , 1)4 = (1, . . . , 1, b, . . . , 1),(11)
(1, . . . , a′, b, . . . , 1)3 = (1, . . . , a′, 1, . . . , 1),(12)
then
lC′(1, . . . , b
2, . . . , 1) ≤ 2,(13)
lC′(1, . . . , b, . . . , 1) ≤ 4,(14)
lC′(1, . . . , a
′, . . . , 1) ≤ 3.(15)
Hence, it is easily seen that for every g ∈ S4 and for 1 ≤ i ≤ k, (1, . . . ,
i−th︷︸︸︷
g , . . . , 1) can be written
as a product of at most 19 generators in C′. Therefore, by Remark 2.7 any element in Sk4 can be
expressed as a sequence of length at most 19k in C′. Since C′ is a generating set of minimum size
and 19 ≤ 4!− 2, then S4 satisfies the weak conjecture.
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Let n ≥ 5. According to Lemma 2.9 we have
diam(Skn, C) ≤MlC(C
k(X))
k∑
i=1
diam(Sn, Cπi),(16)
diam(Skn, C
′) ≤Ml′C(C
k(X ′))
k∑
i=1
diam(Sn, C
′πi),(17)
where Cπi = {a, b, 1}, C
′πi = {a
′, b, 1} for i = 1, 2, . . . , k. Consequently, we have
X =
k⋃
i=1
(Cπi \ {1}) = {a, b}, X
′ =
k⋃
i=1
(C′πi \ {1}) = {a
′, b},
which gives
Ck(X) = {(1, . . . , a, . . . , 1) : 1 ≤ i ≤ k} ∪ {(1, . . . , b, . . . , 1) : 1 ≤ i ≤ k}
Ck(X ′) = {(1, . . . , a′, . . . , 1) : 1 ≤ i ≤ k} ∪ {(1, . . . , b, . . . , 1) : 1 ≤ i ≤ k}.
If n is odd, for i = 1, 2, . . . , k, we have
(1, . . . ,
i−th︷︸︸︷
a , 1, . . . , 1) = (1, . . . ,
i−th︷︸︸︷
a , b, . . . , 1)n+1, (1, . . . , 1,
i−th︷︸︸︷
b , . . . , 1) = (1, . . . , a,
︷︸︸︷
b i− th, . . . , 1)n.
If n is even, for i = 1, 2, . . . , k, we have
(1, . . . ,
i−th︷︸︸︷
a′ , 1, . . . , 1) = (1, . . . ,
i−th︷︸︸︷
a , b, . . . , 1)n, (1, . . . , 1,
i−th︷︸︸︷
b , . . . , 1) = (1, . . . , a′,
i−th︷︸︸︷
b , . . . , 1)n−1.
It follows that
(18) MlC(C
k(X)) ≤ n+ 1 and MlC′(C
k(X ′)) ≤ n
respectively for odd and even n.
Using GAP for the symmetric groups S5 and S6 gives diam(S5, A) = 11 and diam(S6, A
′) = 17.
Therefore by the inequalities (16) ,(17) and (18) we have diam(Sk5 , C) ≤ 66k and diam(S
k
6 , C
′) ≤
102k, which establishes the weak conjecture for the symmetric groups S5 and S6.
Let n ≥ 7. Applying Lemma 3.15 and inequalities (16) and (17) we conclude that diam(Skn, C) ≤
k(n+1)(n−1)(2n−3)(n+1), where n is odd; and diam(Skn, C
′) ≤ k n(n−1)(2n−3)(2n+1), where
n is even. Now by induction on n, it is easily seen that (n+1)(n− 1)(2n− 3)(n+1) ≤ (n!− 2) for
n ≥ 7; and n(n− 1)(2n− 3)(2n+ 1) ≤ (n!− 2) for n ≥ 8. This completes the proof. 
3.2.4. Imperfect Groups. For every finite imperfect group G whose rank(G/G′) ≥ 2, there exists a
constant c (depend on the group G) such that the weak conjecture holds for n-th direct power of G,
for n ≥ c. The key to the proof of this claim is the following theorem has been proved by Wiegold
in [17].
Theorem 3.17. [17] Let G be a non-trivial imperfect group, and set rank(G) = α, rank(G/G′) = β.
If β ≥ 2, then equality rank(Gn) = βn holds, for n ≥ α−1
β−1 .
Proposition 3.18. Let G be a non trivial imperfect group such that rank(G) = α and rank(G/G′) =
β ≥ 2. Then Gn satisfies the weak conjecture for n ≥ α−1
β−1 .
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Proof. By Theorem 3.17, we have rank(Gn) = n rank(G/G′) for n ≥ α−1
β−1 . Since G/G
′ is Abelian,
then we have rank((G/G′)n) = n rank(G/G′). Moreover, since Gn/(G′)n ∼= (G/G′)n and (G′)n ∼=
(Gn)′, then we get rank(Gn) = rank(Gn/(Gn)′). Now the proof is complete by applying Lemmas
3.4 and 3.5 for Gn, respectively. 
In [17], also have been stated that for finite solvable groups, Theorem 3.17 can be improved as
follows:
Theorem 3.19. [17] Let G be a non-trivial solvable group, and set rank(G) = α, rank(G/G′) = β.
The equality rank(Gn) = βn holds, for n ≥ α
β
.
We are thus led to the following proposition.
Proposition 3.20. Let G be a non trivial solvable group such that rank(G) = α and rank(G/G′) =
β. Then Gn satisfies the weak conjecture for n ≥ α
β
.
Proof. The proof follows the same lines as that if Proposition 3.18. 
4. Conclusion
Despite our attempts to prove or disprove the conjectures, they remain open problems and at
this point of the work it is very difficult to say something about the validation of them. To find
an example of a non Abelian group for which the strong conjecture is true and to prove the weak
conjecture for alternating groups and solvable groups may be more evidence which the author is
trying to establish as a future work [10].
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